A multiscale model for the behaviour of ferroelectric polycrystalline materials under electro-mechanical loading is proposed. It is based on an energetic description of the equilibrium at the single crystal scale using a statistical estimate of the ferroelectric domain structure. A self-consistent scheme is then used to establish the behaviour of polycrystalline materials. The approach is anhysteretic but hysteresis effects can be added afterwards so as to obtain butterfly ferroelectric loops. It is applied to a tetragonal Lead Zirconate Titanate (PZT). The model allows the investigation of crystallographic texture effects on the overall behaviour and provides an estimate of internal stresses within the material. By way of an example a h1 0 0i fibre texture is predicted to generate as much as 150% more longitudinal strain and 33% more electric induction at 1 MV/m compared to an isotropic polycrystal.
Introduction
Ferroelectric ceramic materials are used extensively as dielectric and semi-conducting components, memory elements, and piezoelectric sensors, actuators and transducers. The most popular types of ferroelectric ceramics are perovskite compounds and their solid solutions such as BaTiO 3 , Pb (Zr x Ti 1Àx ) O 3 (PZT), (Na x K 1Àx ) NbO 3 and (Bi 0.5 Na 0.5 ) TiO 3 . Distortion of the parent cubic state occurs to produce a spontaneous polarisation orientated along any of the six equivalent h1 0 0i directions for tetragonal, twelve h1 1 0i directions for orthorhombic, or eight h1 1 1i directions for rhombohedral symmetry. Subsequently, ferroelectric or ferroelastic domain switching is accomplished by reorientation of the polarisation through 180°(all structures), 90°(tetragonal), 60°/120°( orthorhombic) or 71°/109°(rhombohedral). Recent research (Noheda et al., 1999) has suggested that other types of crystal symmetry (e.g. monoclinic) may occur for compositions close to a phase boundary, which could help to explain the high intrinsic piezoelectric activity of such materials (Guo et al., 2000) . However, it is also argued that the extrinsic contributions to the piezoelectric coefficients are enhanced near to a phase boundary due to the formation of nanoscale domain structures (Schönau et al., 2007; Pramanick et al., 2011) . The occurrence of domain structures in polycrystalline ferroelectrics is driven by minimisation of the energies associated with electric depoling fields and elastic residual stresses that arise on cooling through the paraelectric to ferroelectric phase transformation (Arlt, 1990) . Subsequent reorientation of domains by electrical poling is necessary to impart a state of remanent polarisation and hence to obtain useful piezoelectric and pyroelectric properties in bulk ferroelectric ceramics. Furthermore, domain wall vibration and translation or localised domain switching mechanisms make significant contributions to the nonlinear dielectric, elastic and piezoelectric properties of poled polycrystalline ferroelectrics (Arlt, 1987; Damjanovic and Demartin, 1996; Hall and Stevenson, 1999) . Control of these extrinsic contributions is carried out routinely by industry in order to develop commercial piezoceramics that exhibit properties tailored to specific applications (Berlincourt, 1992) .
Considerable effort has been directed towards models that describe the properties of ferroelectric materials in order to provide accurate design tools. They result in a wide range of modelling approaches in order to define the electromechanical response of a ferroelectric material submitted to an electromechanical loading. These models mainly belong to three categories: macroscopic models, micromechanical models and domain structure models.
Macroscopic models are focused on the phenomenological description of the typical polarisation hysteresis and strain butterfly loops. Most of the models in the literature are based on the introduction of appropriate internal variables to describe such a behaviour. Following the early work of Chen and Peercy (1979) , Maugin and co-workers developed a sound thermodynamical framework for the macroscopic description of ferroelectric behaviour . This approach is inspired by metal plasticity models with the use of dissipation potentials. It has further been developed by numerous authors (Kamlah and Tsakmakis, 1999; Cocks and McMeeking, 1999; Huber and Fleck, 2001; Landis, 2002; McMeeking and Landis, 2002; Elhadrouz et al., 2005a; Klinkel, 2006; Mehling et al., 2007) . The objective of macroscopic models is an accurate description of ferroelectric behaviour and an easy implementation into numerical design tools (Klinkel, 2006) . A review of macroscopic models has been given by Landis (2004) . Some limitations of these models are that they do not provide an insight into the physical mechanisms responsible for ferroelectric behaviour and their capability to describe the effect of complex loadings is often questionable. Furthermore the effect of material heterogeneity on the overall behaviour cannot be addressed. For instance, these approaches do not consider the effect of residual stresses, although they have long been recognised as an important influence on the properties of ferroelectric ceramics Arlt et al., 1985) . These internal stresses are created by the manufacturing process, material heterogeneity or by the evolving ferroelectric domain structure. Moreover the input parameters for phenomenological models have to be determined by experimental measurements, and they cannot predict the influence of a change in microstructural parameters on the macroscopic ferroelectric behaviour.
In order to overcome such shortcomings, micromechanical approaches have been developed extensively over the last two decades. Inspired by the micro-mechanical models for plastic behaviour, these models consist of a local constitutive law for ferroelectric single crystals linked to scale transition rules to describe the behaviour of polycrystalline materials. For single crystal behaviour, domain variants are introduced, each corresponding to a given orientation of the polarisation. The volume fraction of each variant then becomes an internal variable. A switching criterion is then defined to describe, in a statistical way, the evolution of the microstructure under electro-mechanical loading. The switching criterion being defined, the polycrystal behaviour is described based on the localisation-homogenisation rules in order to define how the single crystal interacts with the surrounding material. Early approaches described a grain as a single domain switching as a whole (Hwang et al., 1995; Hwang et al., 1998; Michelitsch and Kreher, 1998; Chen and Lynch, 1998; Lu et al., 1999) . More realistic models of progressive switching have been later developed in order to consider the possible coexistence of two domain variants (Rödel and Kreher, 2000) , or the coexistence of all possible variants in a single crystal (Li and Weng, 1999; Huber et al., 1999; Huber and Fleck, 2001; Elhadrouz et al., 2005b; Shilo et al., 2007) . The local electro-mechanical loading at the single crystal scale can be defined by several means. Uniform stress and electric field can be considered (Hwang et al., 1995; Hwang et al., 1998; Michelitsch and Kreher, 1998; Lu et al., 1999) . Homogenisation tools can also be used to estimate the electric field and stress within the material. The self-consistent scheme derived from the description of plasticity of polycrystals by Hill (1965) is usually recognised as the most suitable for polycrystals (Huber et al., 1999; Rödel and Kreher, 2000; Huber and Fleck, 2001) . Other authors made the choice of the finite element method to estimate these fields fluctuations (Hwang and McMeeking, 1999; Li and Fang, 2004; Kamlah et al., 2005; Haug et al., 2007; Pathak and McMeeking, 2008) . Reviews on micromechanical modelling of ferroelectrics can be found in Landis (2004) and Huber (2005) .
The need for a deeper understanding of ferroelectric behaviour and the pursuit of engineered domain configurations to enhance ferroelectric properties motivated the development of microscopic models describing domain microstructure evolution. These models are either founded on simplified domain configurations (Li and Liu, 2004; Rödel, 2007; Tsou and Huber, 2010) or exploit the domain compatibility conditions to describe the evolving domain structure (Loge and Suo, 1996; Yen et al., 2009; Weng and Wong, 2009) . Another approach relies on phase field theory to define the local orientation of the polarisation (Chen, 2002; Choudhury et al., 2005; Su and Landis, 2007) . The use of atomic-scale finite element method has also been proposed (Zhang et al., 2012) . A review on domain evolution models has recently been undertaken by Potnis et al. (2011) . These approaches provide a deep insight into the basic physical mechanisms of domain switching but are often limited to 2D configurations and incur heavy computational costs.
The model presented in this paper lies within the family of micro-mechanical approaches. The novelty stands in its formulation inspired from ferromagnetic models rather than crystalline plasticity. This formulation is derived from the micro-mechanical approaches developed in the context of magneto-elasticity (Armstrong, 1997; Buiron et al., 1999; Armstrong, 2002; Daniel et al., 2008) . Compared with previous micro-mechanical approaches for ferroelectric behaviour, the proposed model does not rely on plasticity theory and does not make use of fictitious hardening parameters for the polarisation process (Huber et al., 1999) .
Such hardening parameters are introduced in micromechanical models to regularise the computation, and can be the source of calculation convergence issues if chosen too small. Moreover it imposes the use of an incremental definition of the material response with small calculation steps associated with large computation time. Because the proposed approach does not require an incremental formulation the calculation can be much faster if the response of the material is sought only for a limited number of loading points. The counterpoint is that the model is anhysteretic, meaning that no description of the local hysteresis effects is given. Hysteresis effects can be computed afterwards through a phenomenological approach. Another drawback of most previous micromechanical models is that once the material is fully polarised, transverse domains cannot re-appear when the field is reversed. As already proposed by some authors (Buiron et al., 1999; Arockiarajan et al., 2007; Tang et al., 2009) , the introduction of a probability function to describe the evolution of domain structure can address this limitation. The main advantage of the proposed approach, in addition to its non-incremental formulation, is its ability to describe texture effects, and local stress contributions.
In Section 2 the model for the anhysteretic ferroelectric behaviour of single crystals is detailed. The extension to polycrystalline behaviour, based on a self-consistent approach, is then proposed in Section 3. In Section 4 the model is applied to single crystal, isotropic polycrystal and textured polycrystal of a representative tetragonal PZT. A discussion on anhysteretic behaviour and possible extensions to dissipative behaviour is finally proposed.
Local equilibrium at the single crystal scale
A ferroelectric single crystal is divided into ferroelectric domains. It is described as a set of K domain families each corresponding to a given local polarisation P a . For example, K = 6 for tetragonal materials (a corresponding to the six h1 0 0i directions) and K = 8 for rhombohedral materials (a corresponding to the eight h1 1 1i directions). In each domain, the polarisation P a is uniform and aligned with an easy axis a (Eq. (1)).
P 0 is the magnitude of the spontaneous polarisation of a ferroelectric domain. Each domain also undergoes a uniform ferroelectric strain e fe a . Assuming that this ferroelectric strain is isochoric (Cao and Evans, 1993) , the ferroelectric strain tensor can be written as a function of the saturation ferroelectric strain k 
I is the second order identity tensor. Eq. (2) can also be written in the form of Eq. (3), d ij being the Kronecker delta.
k fe 0 can be obtained by measuring the saturation strain of a single crystal, or the saturation strain of an isotropic polycrystal (see Appendix F). Assuming an isochoric transformation from the cubic phase, k fe 0 can also be deduced from the parameters of the transformed crystallographic structure under no load. k fe 0 is given by Eq. (4) for tetragonal crystals (c and a are the lattice parameters) and by Eq. (5) for rhombohedral crystals (c is the distortion angle).
Ferroelectric single crystals are also piezoelectric so that the local electric field E a in a domain a induces a piezoelectric strain e pz a (Eq. (6)) and the local stress r a induces a stress induced electric induction D pz a (Eq. (7)).
d pz a is the standard piezoelectric tensor at the single crystal scale. Usual elastic and dielectric constitutive laws give the uncoupled contribution to the strain and to the electric induction (Eqs. (8) and (9)).
e e a is the elastic strain and S a the elastic compliance fourth order tensor. D e a is the purely dielectric induction and a the dielectric permittivity. Eqs. (6)-(9) define the standard dielectric, elastic and piezoelectric relationships (Corcolle et al., 2008) .
The total strain e a in a domain a is then defined as the sum of the elastic, piezoelectric and ferroelectric contributions (Eq. (10)).
Similarly the total dielectric induction D a in a domain a is defined as the sum of the purely dielectric, piezoelectric and ferroelectric contributions (Eq. (11)).
Following the approaches developed for magnetoelastic behaviour (Hubert and Schaëfer, 1998; Daniel et al., 2008) , the free energy W a of a ferroelectric domain can be defined as the sum of an electrostatic contribution W E a and of an elastic contribution W r a (Eq. (12)). Electrostatic and elastic energies are written according to Eqs. (13) and (14) respectively (see Appendix B). is the inelastic strain at the domain scale (comprising the sum of the piezoelectric strain and the spontaneous polarisation strain).
For the sake of simplicity, we will consider weak electric field and stress heterogeneity within the single crystal, so that E a and r a can be replaced by the average values at the single crystal scale E v and r v for the calculation of the free energy. The free energy of a domain family is then given by Eq. (17). This internal variable has already been introduced in many previous models (Huber et al., 1999; Buiron et al., 1999) . In the proposed model the volume fractions are explicitly calculated (Eq. (18)) by means of a Boltzmann probability function (Buiron et al., 1999; Daniel et al., 2008) . 
It can be noticed that f a naturally satisfies:
Assuming that the domain wall volume is negligible compared to the volume of ferroelectric domains, the response of the single crystal can be obtained by an averaging operation over all the domain families. The dielectric induction and the total strain at the single crystal scale are given by Eqs. (21) and (22) respectively.
In addition we assume that the non-dielectric part of the electric induction D (24) and (23)). This assumption is rigorously valid only if we consider homogeneous dielectric and elastic properties within the single crystal ( a ¼ v and
Polycrystal behaviour
Polycrystalline behaviour can be deduced from appropriate averaging of single crystal behaviour. We adopt here the classical self-consistent scheme, known to be appropriate for polycrystalline materials (Hill, 1965; Berveiller and Zaoui, 1978; Huber et al., 1999; Daniel et al., 2008) . Given the macroscopic applied stress r X and electric field E X , the electromechanical loading at the single crystal scale is defined by Eqs. (25) and (26). v are respectively the stress and electric field incompatibility tensors. They account for the misfit between local and overall strain or dielectric induction in the creation of internal stresses and electric field. If initial intergranular stresses are pre-existing -for instance due to fabrication processes -they can also be added at this stage (Eq. (25)). The practical calculation of the localisation operators is given in Appendix D. They depend on the single crystal properties and on the material overall properties. As shown by Corcolle et al. (2008) , the localisation operators in coupled electro-mechanical problems can be obtained separately from the purely elastic and purely dielectric problem. The contribution of piezolectric effect and polarisation state to the heterogeneity of stress and electric field is then reported in the second term, introduc-
Once the local electromechanical loading is obtained from Eqs. (25) and (26), the free energy W a of each domain family a is calculated (Eq. (17)) and then the volume fractions (Eq. (18)). The average response of each single crystal being known, the last step is the homogenisation transition scale to define the macroscopic response of the material (Eqs. (27) and (28)).
The inelastic part of the strain (Eq. (29)) and the nondielectric part of the electric induction (Eq. (30)) can also be defined (Corcolle et al., 2008) .
The localisation operations defined by Eqs. (25) and (26) make use of the macroscopic response of the polycrystal (e Ã X ; D Ã X ) so that the procedure is self-consistent.
Modelling results
The proposed model is suitable for both rhombohedral and tetragonal materials. Single crystal elastic, dielectric and piezoelectric anisotropies are taken into account through the use of material properties defined at the domain scale (elastic stiffness C a , dielectric permittivity a , piezoelectric tensor d pz a , spontaneous polarisation P 0 and ferroelectric strain k fe 0 ). Polycrystalline anisotropy is taken into account through the use of a discrete orientation distribution function to define grain orientations. As an illustration, the model has been applied to a single crystal, to an isotropic polycrystal and finally to a strongly textured polycrystal, all with a tetragonal structure.
The properties used for the single crystal have been taken from Kamlah and Wang (2003) to represent tetragonal Lead Zirconate Titanate (PZT) except A s (specific to the proposed modelling). These properties are as follows. Elastic behaviour is taken as uniform within a single crystal (C a ¼ C v ) and isotropic (Young's modulus E = 60 GPa and Poisson's ratio m = 0.37). Dielectric behaviour is taken as uniform within a single crystal ( a ¼ v ) and isotropic (dielectric permittivity = 0.02 lF/m). The piezoelectric properties are transversely isotropic about the direction of the spontaneous polarisation which is expected for a tetragonal perovskite ferroelectric (Du et al., 1998; Damjanovic et al., 2002) /J. Using these material parameters, the role of local elastic anisotropy is neglected in the modelling. A discussion on the influence of elastic anisotropy is proposed in Appendix E. Fig. 1 shows the anisotropy of the ferroelectric behaviour of the single crystal under electric field.
Single crystals
As expected for a tetragonal material, the h1 0 0i directions are the easy polarisation axes (Fig. 1(a) ). Once the ferroelectric switching is totally completed the electric induction evolves linearly as a function of the electric field, consistent with a purely dielectric behaviour. The strainelectric field curves ( Fig. 1(b) ) also become linear when the domain switching is totally completed, corresponding to piezoelectric behaviour. For tetragonal PZT the h11 1i curve is totally linear since only 90°switching can induce ferroelectric strain, and this type of domain switching does not occur for a tetragonal material loaded along the h1 1 1i direction (Hall et al., 2005) . Fig. 2 illustrates the behaviour of a single crystal under combined uniaxial stress and electric field along a h1 1 0i direction. Due to the applied stress, the strain at zero electric field is not zero. For reading clarity, the curves of Fig. 2 (b) have been shifted so that the strain at zero electric field is removed, reproducing what would be an experimental measurement for which the reference strain state is defined at zero electric field. This convention will be applied in the following for all strain curves.
Similar to the behaviour in the absence of stress, both the electric induction and the strain curves become linear as soon as the ferroelectric domain switching is completed. It is evident from Fig. 2 that the effect of stress is very significant and does not show symmetry between tension and compression. A high tensile stress completes the 90°s witching so that no ferroelectric strain is added by applying an electric field and the strain curve is linear from the beginning. 180°switching remains possible -stress has no effect on 180°switching because the elastic energy is a quadratic function of a -so that a change in polarisation can occur by domain switching under the application of an electric field. Under a high electric field, the difference in dielectric induction between the different loadings is due to the piezoelectric effect (term D pz ).
Isotropic polycrystals
A set of crystal orientations are needed to describe a polycrystal. To approximate an isotropic polycrystal we use a regular zoning in the space of possible orientations rather than a random selection from that space. Each crystallite is defined by three Euler angles (/ 1 ; w; / 2 ) following Bunge's notation. Each angle takes values regularly distributed in their domain, following Table 1 .
The number of values taken in each space domain gives the precision of the texture isotropy. We use a distribution function made of 546 (13 Â 7 Â 6) different orientations. The corresponding pole figures are given in Fig. 3 . This approximation to isotropic texture has been used by Daniel et al. (2008) and gives representative results with a lower number of orientations than if a set of random orientations was used (see Appendix F). Fig. 4 shows the modelling results for the ferroelectric behaviour of the isotropic polycrystal under uniaxial stress, the stress being applied in the direction parallel to the electric field. It should be noted that the model allows calculating the polycrystal response under any type of electromechanical loading and notably multiaxial stress states. It is also noteworthy that the effect of stress on ferroelectric behaviour is non-symmetric in tension/ compression.
For the material studied, a tensile stress increases the amplitude of the electric induction while compression decreases it (Fig. 4(a) ). The effect of stress on the strain curve is more complex to analyse (Fig. 4(b) ). This effect is the result of two influences, as illustrated in Fig. 5 .
Compressive stress reduces the ferroelectric strain somewhat but tensile stress significantly reduces it at high levels of electric field (Fig. 5(a) ). On the other hand, the piezoelectric strain is slightly increased by a tensile stress while a compressive stress reduces it (Fig. 5(b) ). The combination of these effects results in a reduction of the total strain under stress. Recall that the initial strain in the absence of electric field is removed from the total strain in the proposed figures. It can be noticed that although linear at the domain scale the piezoelectric strain is non linear as a function of the applied electric field. This is due to the evolving domain structure that changes the volume fraction of domains as the electric field changes. The model also allows the extraction of the evolution of intergranular internal stresses under electromechanical loading. As an illustration, Fig. 6 shows these internal stresses in the material in the absence of applied stress for an applied electric field E = 1 MV/m.
The average of the internal stresses remains equal to the macroscopic stress (zero here) whatever the level of applied electric field, but the local stress levels are getting higher as the electric field increases. Fig. 7 illustrates the evolution of intergranular stress as a function of the applied electric field. Fig. 7(a) shows the evolution of the stress second order moments within the polycrystal (components M 12 and M 33 , the electric field being applied along direction 3). Second order moments are the average values of the square of stress components. High second order moments indicate high heterogeneity of stress within the material. Fig. 7(b) gives the maximum value of intergranular stress within the polycrystal. Even though the average stress remains zero whatever the level of the electric field, the maximum local stresses reach significant amplitudes that could lead to fatigue and failure.
Textured polycrystals
The model allows the investigation of the effect of crystallographic texture on ferroelectric behaviour. This is of primary importance for the development of lead-free ferroelectric ceramics since the development of specific textures can enhance the ferroelectric properties, allowing lead-free materials to compete with standard lead-based ferroelectric ceramics (Hong et al., 2000; Saito et al., 2004; Rödel et al., 2009) . A pure {hkl}h1 0 0i fibre crystallographic texture aligned with the x direction has been simulated for PZT (Fig. 8) . Its behaviour along the fibre direction (x) is compared with that of the corresponding isotropic polycrystal in Fig. 9 .
It is evident that the presence of a large number of h1 0 0i directions along the poling direction significantly enhances the permittivity. The electric induction is increased by 33% at 1 MV/m and by 30% at 2 MV/m. Texture has an even more dramatic effect on the longitudinal strain giving an increase of 156% at 1 MV/m and 96% at 2 MV/m over the isotropic case. Such a model is useful in assessing the likely rewards associated with improved texture processing of such materials.
Relevance and practical determination of anhysteretic curves
Anhysteretic curves describe the thermodynamic equilibrium of a material under a given external loading. They have long been used to describe the behaviour of ferromagnetic materials (Bozorth, 1951; Jiles, 1991) . The proposed anhysteretic approach gives the thermodynamic equilibrium in terms of volume fractions of different domain families -or variants -for a material under a given electromechanical loading. Such an approach does not account for any cause that would prevent the domains from switching in an optimal energetic manner. Even though the role of defects or history effects are not considered, the anhysteretic curve can provide important insights into the basic mechanisms of ferroelectric behaviour under coupled loading. Anhysteretic behaviour is the idealised material behaviour, and the actual equilibrium state can be defined as a variation around this reference state.
Although it cannot be continuously described, each point of an anhysteretic curve can be measured. Two main experimental methods can be used.
The first method is to apply to the material a large amplitude alternating electric field superimposed on a dc electric field. The amplitude of the alternating field is slowly reduced to zero until only the dc field remains. The final polarisation and strain measurements provide the point of the anhysteretic curve corresponding to the applied dc field. The anhysteretic curves are obtained by repeating the operation for several dc fields. If the amplitude of the alternating field is sufficiently large, the frequency sufficiently low and the decrease of amplitude sufficiently smooth, this method provides repeatable and well defined curves. The main issue with this method is the risk of material failure due to the high number of high amplitude cycles imposed on the sample.
A second method involves heating the material below its Curie Temperature and then cooling it slowly under an applied dc field. Here again the procedure has to be applied for several dc field values to build the anhysteretic curves.
Although not exactly identical, as shown in the case of ferromagnetic materials by Pearson et al. (1997) , these methods are expected to provide similar curves.
Introduction of hysteresis effects
The proposed model is anhysteretic, meaning that it describes the reversible part of ferroelectric behaviour. Ferroelectric behaviour is of course fundamentally hysteretic. The hysteresis effects can be added afterwards as proposed, for instance, by Jiles and Atherton (1984), or Hauser (2004) for ferromagnetic behaviour. We propose to follow here the approach of Hauser (2004) . The hysteresis is introduced at the single crystal scale. The input of the calculation is still the macroscopic anhysteretic electric field E an X . Once all the internal variables have been calculated, the total electric field E an v at the single crystal scale is written according to Eq. (31).
v is the last value of P v for which the direction of the electric field has been reversed. In contrast to the anhysteretic model, this formulation requires the implementation of an incremental formulation so that the loading history is known. Moreover it adds four adjustment parameters a; b; c and d. These four parameters can be identified from a major polarisation loop: a and d affect the general shape of the loop, b governs the stiffness of the first polarisation curve and the sharpness of the polarisation knees, and c defines the coercive field of the major loop. The macroscopic total field E tot X is then obtained by a volume averaging over the volume of the polycrystal: 
This approach has been implemented for the isotropic polycrystal of Section 4.2 using a = 
E Y is the threshold electric field under which no domain switching can occur. E max and E min are the maximum and minimum value of the electric field since last reversal of electric field direction. The corresponding results for the dielectric induction and the ferroelectric strain are plotted in Fig. 10 using a threshold E Y = 1.8 MV/m. A stress threshold could also be introduced for domain switching under stress. In the general case of a coupled electromechanical loading, an energetic switching threshold should be defined. Such an approach has not been implemented yet and is beyond the scope of this paper focused on anhysteretic behaviour.
Conclusion
In this paper a novel anhysteretic multiscale model for ferroelectric behaviour has been proposed. It applies to polycrystalline ferroelectrics with tetragonal or rhombohedral crystallographic structure. It naturally includes the description of anisotropies at multiple scales -ferroelectric domain, single crystal and polycrystal scale. A discrete orientation distribution function is used as an input of the model so that the relationship between crystallographic texture and macroscopic properties can be investigated. This illustrates the potential benefits achievable by improved processing to introduce crystallographic texture in polycrystalline materials. The model also provides an estimate of intergranular internal stresses which are of primary importance for the durability of ferroelectric materials. It shows that even when the average stresses are zero, significant (up to 100 MPa) stresses are generated with increasing electric field within the grains.
The approach is restricted to anhysteretic behaviour, but it is believed that although the calculated polarisation or strain curves do not include dissipation effects, some basic mechanisms of electromechanical coupling in ferroelectric materials are captured by the model. The model gives a description of electric field and stress fluctuations within the material for a given polarisation level. Hysteresis effects can be introduced afterwards to obtain realistic strain-field butterfly loops at the price of an incremental formulation and increased computational cost.
Numerous validation steps remain ahead. An experimental setup is currently being designed in order to perform practical anhysteretic measurements on ferroelectric ceramics. These measurements will allow quantitative validation of the proposed model, and are expected to demonstrate the relevance of the separation between reversible and irreversible contributions to ferroelectric behaviour. Such a separation has been instrumental in the development of efficient constitutive models for ferromagnetic behaviour (e.g. Jiles and Atherton (1984) and Hauser (2004) ). A comparison between the main micromechanical approaches to ferroelectric behaviour available in the literature should also be undertaken in order to highlight the respective strengths and weaknesses of models derived from plasticity theory and from ferromagnetism. This comparison should not only rely on macroscopic responses of ferroelectric ceramics subjected . PZT isotropic polycrystal: Hysteresis and butterfly ferroelectric loops for an isotropic PZT polycrystal with the strain parallel to the electric field using the formulation given in Eq. (31) (solid line), and using the switching threshold given in Eq. (33) (dashed). The anhysteretic solution is also recalled (dashdot).
to electro-mechanical loading but also on a local analysis. This local analysis can be performed using high energy X-ray diffraction measurements giving access to internal stresses and volume fractions of domains in ferroelectric ceramics (Hall et al., 2005) . Such experiments can be used as a powerful tool to discriminate between micro-mechanical models. They can also be used to identify the material parameters needed to feed these multiscale approaches.
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Appendix A. Nomenclature A summary of the nomenclature used in this paper is given hereafter.
A.1. Subscripts
For state variables and material properties, subscripts define the scale at which the quantity is expressed (see Table A .2).
A.2. State variables
The state variables used in this paper as summarised in Table A .3.
A.3. Material parameters
The material parameters used in this paper as summarised in Table A .4.
Appendix B. Definition of electrostatic and elastic energies
The electrostatic energy is usually given by:
It can be transformed as follows, noting m a and m v the inverse of the Permittivity tensor at the domain scale and at the single crystal scale.
The first term of the electrostatic energy is proportional to the square of the norm of the total electric induction. Weak heterogeneity of the norm of the dielectric induction is supposed at the single crystal scale so that this first term is taken to be constant over a single crystal. Assuming that the polarisation P a is the main contribution to the nondielectric induction D Ã a , the second term is considered to be proportional to P 2 0 , so that it is also a constant within a single crystal. The electrostatic energy of a ferroelectric domain is finally written: Weak heterogeneity of elastic properties and total strain is supposed at the single crystal scale so that the first term is taken to be constant over a single crystal. In This appendix details the definition of Eq. (19) for the identification of the parameter A s . It is a translation to the case of ferroelectrics of the result given in Daniel et al. (2008) for ferromagnetic materials. The definition of A s is obtained using a simplified description of an -ideal -unstressed bulk isotropic ferroelectric polycrystal. The polycrystal microstructure is seen as an assembly of ferroelectric domains. By opposition to the single crystal, all the possible orientations in space are considered equiprobable, and the domains are randomly distributed. The macroscopic behaviour is then isotropic. In other words the polycrystal anhysteretic behaviour is obtained by considering that a polycrystal is a single crystal for which all space directions are easy axes. For each domain a; P a ¼ P 0 a (Eq. (1)) so that the macroscopic polarisation is written:
In the absence of stress, the free energy Eq. (17) reduces to the term ÀE Á P a . Using spherical coordinates (writing a ¼ ½sin u cos h; sin u sin h; cos u) and choosing an electric field along z-axis (E ¼ E z), the volume fractions f a (Eq. (18)) can be written explicitly:
The macroscopic polarisation (Eq. (C.1)) is then given by:
This explicit definition of the polarisation curve can be used to define the initial susceptibility v 0 :
We obtain:
This result gives the definition of the initial susceptibility when K tends towards 0:
ðC:7Þ (Eshelby, 1957) . It depends on the shape of the inclusion and on the elastic properties of the infinite medium. The shape of the inclusion is representative for the phase distribution (Bornert et al., 2001) . If the grain distribution is isotropic, a spherical inclusion is chosen. In the case of a self-consistent calculation, the elastic stiffness tensor of the infinite medium is the self-consistent estimateC X . Mura (1982) 
D.2. Electric localisation
The same approach applies for the electric field localisation. The depolarising tensor N v is calculated (see for instance Sihvola (1999 ) or Milton (2002 
A detailed explanation for the definition of scale transition rules in the case of coupled behaviour can be found in Corcolle et al. (2008) . properties E X and m X , and for a given local anisotropy ratio r, the local elastic properties are given by:
It is then possible to define different sets of local elastic coefficients (l a v ; l b v ; k v ) corresponding to different local anisotropy ratio r but leading to the same macroscopic elastic properties (l X ; k X ). The influence of local anisotropy can thus be investigated. In the following figures the variation Dp of a parameter p as a function of the elastic anisotropy ratio is defined by Eq. (E.9).
Dp ¼ 100 Á pðrÞ À pðr ¼ 1Þ pðr ¼ 1Þ ðE:9Þ
Fig. E.11 plots the variation obtained for the single crystal macroscopic response as a function of the single crystal elastic anisotropy. The prediction of the macroscopic electric induction is hardly influenced by the local elastic anisotropy (Fig. E.11(a) ) but the prediction of the macroscopic strain is significantly modified. For an anisotropy ratio r = 2, the predicted macroscopic strain is 10% higher compared to the strain obtained under the assumption of local elastic isotropy (r = 1).
Second order moments of stress are not very sensitive to the level of local anisotropy (Fig. E.12(a) For an anisotropy of r = 2 the maximum principal stress is increased by 13% compared to the corresponding isotropic single crystal. It can then be concluded that single crystal elastic anisotropy plays a significant role in the behaviour of ferroelectric materials, particularly concerning macroscopic strain and internal stresses, and should not be neglected in modelling approaches. Results are presented here in the absence of applied stress, but it can be shown that the sensitivity to local elastic anisotropy is even higher when a macroscopic stress is applied (Daniel et al., 2013) .
Appendix F. Saturation polarisation and saturation ferroelectric strain of isotropic polycrystals
The saturation state of isotropic polycrystals is a particular state for which the material is a random collection of single crystals fully polarised along the easy direction closest to the applied electric field. Under such conditions the saturation polarisation P sat X and saturation ferroelectric strain k sat X can be calculated analytically. Uchida and Ikeda (1967) and Li and Rajapakse (2007) give the solution for P sat X and k sat X under the assumption of uniform stress 1 and uniform electric field within the polycrystal.
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For a tetragonal material electrically polarised at saturation, the solutions are given by Eqs. (F.1) and (F.2). 
ðF:4Þ
These equations can be used to identify P 0 and k fe 0 from macroscopic measurement at saturation -after removing from the strain measurement the piezoelectric contribution proportional to the electric field. They should however be used with care since electric field and stress are not uniform within a polycrystal due to material heterogeneity.
These analytical solutions can also be used to define the minimum number of crystallographic orientations needed to describe an isotropic polycrystal. For that purpose, and for several values of the number N of orientations, 500 different random orientation distribution functions were evaluated. Under uniform stress and uniform electric field hypotheses, saturation polarisation and saturation ferroelectric strain have been calculated and compared to the analytical results of Eqs. (F.1) and (F.2). The results are plotted in Fig. F .13.
For a number of 100 orientations, the obtained value of the saturation polarisation lies in a band of AE4.4% around the theoretical value. For N = 500, the band is AE1.8% wide, AE1.1% for N = 1000 and AE0.67% for N = 5000. The discrete orientation distribution function with 546 orientations obtained by a regular mapping of the crystallographic orientations space (Fig. 3) gives the result with a precision of 0.5%.
The variability is higher for the saturation ferroelectric strain. For a number of 100 orientations, the obtained value lies in a band of AE16% around the theoretical value. For N = 500, the band is AE6.5% wide, AE4.0% for N = 1000 and AE2.5% for N = 5000. The discrete orientation distribution function with 546 orientations (Fig. 3) gives the result with a precision of 1.5%. It can be noticed that the mean value over the 500 random distribution functions leads approximately to the correct value for the saturation polarisation and saturation ferroelectric strain. A solution to get accurate results would be to define a great number of random distribution functions, and to calculate the mean value over the obtained results. However this solution appears to be expensive in terms of computation time. On the other hand the 546 orientation distribution function provides reasonably accurate results with a limited number of orientations. This is the reason why it has been used in the calculations presented in this paper. 
